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A QUICK SURVEY OF FOLIATIONS
ON 4-MANIFOLDS
ALEXANDRU SCORPAN
Abstract. We present a few general results on foliations of 4-
manifolds by surfaces: existence, tautness, relations to minimal
genus of embedded surfaces; as well as some open problems. We
hope to stimulate interest in this area.
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1. Introduction
While there is a wealth of known facts concerning codimension-1
foliations (and in particular foliations on 3-manifolds), the geometric
results are quite scarce once one considers higher codimensions, for
example 2-dimensional foliations on 4-manifolds. And while there are
strong suggestions that the field might yield remarkable insights, one
often accuses a lack of methods for attacking it.
This survey has two goals: to quickly gather the known (geometric-
topologic) results concerning 2-dimensional foliations on 4-manifolds,
and also to frame the context of possible future developments. The
biases of the author will become obvious soon enough.
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2 ALEXANDRU SCORPAN
1.1. Quick definition. In general, a k -dimensional foliation F is a
partition of a manifold Mm into “slices” called leaves. Locally, a fo-
liation must look like the partition of Rm into Rk × {0} (see Figure
1).
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Figure 1. Local model for a foliation
Example 1.1. An important example is the Reeb foliation of the solid
torus. The boundary torus is a leaf, and the interior is foliated by
leaves that are planes. (See Figure 2.)
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Figure 2. Reeb foliation
For a rigorous introduction to foliations, see for example [CC00]. For
a general survey of 4-manifold theory, see [GS99].
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Unless otherwise specified, all foliations considered from now on are
oriented 2-dimensional foliations of oriented closed 4-manifolds.
1.2. Why bother? One hint that foliations on 4-manifolds are worth
studying (especially taut foliations) is Kronheimer’s Theorem 6.2 and
Conjecture 6.3. Taut foliations might offer minimal genus bounds for
embedded surfaces.
In a slightly larger context, the relationship (if any) between folia-
tions on 4-manifolds and Seiberg–Witten theory is worth elucidating.
Another question worth asking is: For what foliations is the in-
duced almost-complex structure “nice” (i.e. close to symplectic). One
such problem asks for which foliations does the induced almost-com-
plex structure have Gromov compactness (i.e. whether the space of
J -holomorphic curves of a fixed genus and homology class is compact).
In general, one can hope that foliations will help better visualize, ma-
nipulate and understand almost-complex structures, maybe in a manner
similar to the one in which open-book decompositions help understand
contact structures on 3-manifolds.
1.3. Larger context. In Figure 3 we have tried to map the larger
mathematical neighborhood in which 2-dimensional foliations on 4-
manifolds could be placed:
Foliations, in the presence of a metric, induce almost-complex struc-
tures. Almost-complex structures are also induced from symplectic
structures, and are themselves a particular case of a spinC -structure
(one can think of a spinC -structure as an almost-complex structure
defined on the 2-skeleton). SpinC -structures are used to build the
Seiberg–Witten invariants: one can think of the latter as invariants of
various spinC -structures. In the case of a symplectic manifold, the Sei-
berg–Witten invariant can be interpreted as a count of holomorphic
curves. The existence of symplectic structures is essentially equivalent
to the existence of Lefschetz pencils on the manifold. The latter can be
thought of as being singular taut foliations. In general, almost-complex
structures can be deformed to admit singular foliations, see Section 8.
Seiberg–Witten theory yields bounds on the minimal genus of an em-
bedded surface in a 4-manifold. In certain special cases, taut foliations
also offer genus bounds, and it is conjectured that that might be true
in general.
2. Generalities
Let F be a 2-dimensional foliation on a 4-manifold M . It has a
tangent bundle TF (tangent to the leaves), and a normal bundle NF =
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Figure 3. Context
TM
/
TF . An auxiliary Riemannian metric g determines an embedding
of the normal bundle NF as a subbundle of TM . We then have the
g -orthogonal splitting TM = TF ⊕NF .
In the presence of a Riemannian metric, a foliation F induces an al-
most-complex structure J = JF on M : essentially J rotates the plane-
fibers of TF and NF by pi/2 in the right directions. Or: pick a orienting
orthonormal frame {τ1, τ2, ν1, ν2} in TM such that τ1, τ2 ∈ TF and
ν1, ν2 ∈ NF , and define the almost-complex structure J by Jτ1 = τ2
and Jν1 = ν2 . The leaves of F are then J -holomorphic, and the
homotopy class of JF is independent of g .
Due to this almost-complex structure JF , we have well-defined Chern
classes: c1(TM , J) = c1(TF )+ c1(NF) and c2(TM , J) = c1(TF ) · c1(NF).
That can be written:
c1(TM , J) = e(TF) + e(NF )
χ(M) = e(TF) · e(NF)
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The class c1(TM) also has the a priori properties of any Chern class:
c1(TM) ≡ w2(M) (mod 2)
p1(M) = c1(TM)
2 − 2χ(M)
(Note that p1(M) = 3σ(M), where σ(M) is the signature of M .)
3. Thurston’s h-principle
W. Thurston proved in [Thu74] that any 2-plane field on a 4-mani-
fold can be homotoped to be tangent to a foliation. Namely:
Theorem 3.1 (W. Thurston 1974). Let τ be a 2-plane field on a
manifold M of dimension at least 4. Let K be a compact subset of M
such that τ is completely integrable in a neighborhood of K (K can be
empty). Then τ is homotopic relK to a completely integrable plane
field.
This theorem is also true on 3-manifolds (see [Thu76]), but not in a
relative version.
The theorem is proved by first lifting the plane field to a Haefliger
structure, and then deforming the latter to become a foliation using
the main theorem of [Thu74]. The latter result has an alternate proof
in [EM98].
Of course, as a precondition of the existence of any foliation on M ,
the tangent bundle of M must split in a sum of two plane bundles (can-
didates for TM = TF⊕NF ). In particular, M must admit almost-com-
plex structures. Nonetheless, if we admit foliations with singularities,
these restrictions can be circumvented.
Remark 3.2. By construction, the foliations yielded by Thurston’s the-
orem are not taut: they contain Reeb components. Flexibility comes
with a price.
4. Taut foliations
(Most statements of this section admit obvious generalizations to
arbitrary dimensions and codimensions.)
4.1. Definition. A foliation F on a Riemannian manifold (M, g) is
called minimal if all its leaves are minimal surfaces in (M, g) (i.e. they
locally minimize area; for any compact piece K of a leaf, any small
perturbation of K rel ∂K will have bigger area; that is equivalent to
each leaf having zero mean curvature).
A foliation F on M is called taut if there is a Riemannian metric g
such that F is minimal in (M, g)
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Remark 4.1. In the special case of a codimension-1 foliation, tautness
is equivalent to the existence of a 1-manifold transverse to F and
crossing all the leaves. A similar condition is much too strong for
higher codimensions.
4.2. Mean curvature and characteristic form. We define themean
curvature vector field H
F ,g
as (half) the normal component of ∇gτ1τ1 +
∇gτ2τ2 , for any orthonormal orienting frame {τ1, τ2} in TF , with ∇
g the
Levi-Civita` connection of g . Perturbing a leaf in the direction opposite
to H most decreases its area. If H = 0 along a leaf, then that leaf is
a minimal surface in (M, g).
Proposition 4.2. Let F be a foliation on (M, g). Let µ be any 2-form
on M such that µ|Leaf = volg|Leaf and µ(τ, ν) = 0 for any τ ∈ TF and
ν ∈ NF . Denote by H the mean curvature vector field of the leaves.
Then
dµ(τ1, τ2, ν) = 〈H, ν〉
for any orthonormal orienting basis τ1, τ2 in TF and any ν ∈ NF .
In particular, F is minimal if and only if dµ(τ1, τ2, ν) = 0 for all
τ1, τ2 ∈ TF and ν ∈ NF . ✷
Forms µ as above always exist, and are not unique. A particular
such µ is the characteristic form χ = χ
F ,g
, defined to be the unique
2-form such that χ|Leaf = volg|Leaf and χ(x, ν) = 0 for any x ∈ TM
and ν ∈ NF . (In other words, χ is just the volume form along the
leaves.)
The condition dµ(τ1, τ2, ν) = 0 is strictly weaker than asking that µ
be closed. For example, for the characteristic form:
Lemma 4.3. If dχ
F ,g
= 0, then F is minimal and F⊥ is integrable.
✷
The integrability of F⊥ is measured by the other significant compo-
nent of dχ, namely dχ(τ, ν1, ν2) for τ ∈ TF and ν1, ν2 ∈ NF . More
precisely, we have
dχ(τ, ν1, ν2) = χ
(
τ, [ν1, ν2]
)
4.3. Rummler’s criterion. In the direction opposite to the above
Proposition 4.2, it was proved in [Rum79]:
Theorem 4.4 (H. Rummler 1979). Let F be a foliation on M . As-
sume that there is a 2-form µ such that µ|Leaf > 0 and dµ|Leaf = 0.
Then F is taut.
When writing “µ|Leaf > 0 and dµ|Leaf = 0” we mean “µ(τ1, τ2) > 0
and dµ(τ1, τ2, z) = 0 for all orienting pairs τ1, τ2 ∈ TF and z ∈ TM ”.
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Proof. If µ is positive on the leaves, then there is a metric gτ , defined
only on TF such that µ|Leaf = volgτ |Leaf . We need to extend g
τ to a
genuine metric g on M that will determine a normal bundle NF for F
such that µ(τ, ν) = 0 for any τ ∈ TF and ν ∈ NF . We will first find
NF , then extend g
τ . Concretely, if τ1, τ2 is any basis in TF , we define
NF as ker µ(τ1, ·) ∩ kerµ(τ2, ·). Then, after choosing some random
metric gν on NF , we can extend g
τ to the whole TM = TF ⊕ NF
simply as g = gτ ⊕ gν . In view of Proposition 4.2, this g will make F
minimal. 
Remark 4.5. A condition stronger than tautness would be the existence
of a 2-form µ such that µ|Leaf > 0 and dµ = 0. The foliation F is then
calibrated by µ (see [HL82]), and, for a suitable metric g , the leaves
are not only locally area minimizing, but are locally area minimizing
in their homology classes (i.e. if K is any compact piece of a leaf and
K ′ is any immersed surface with ∂K ′ = ∂K and representing the same
class as K in H2(M, ∂K), then K
′ has bigger area than K ).
Example 4.6. A Reeb component is not taut. Denote by C a solid torus
foliated so that the boundary torus ∂C is a leaf, and the interior is
foliated by planes (see Figure 2). Consider any 2-dimensional foliation
F (of any codimension) containing such a C . Assume that F is taut.
Then there is a 2-form µ satisfying the conditions from Rummler’s
Theorem 4.4. But then
0 =
∫
C
dµ =
∫
∂C
µ > 0
which is impossible.
The strong link between 2-forms and minimality of foliations is also
suggested (via almost-complex structures) by the following formula:
Lemma 4.7. Let g(x, y) = 〈x, y〉 be a Riemannian metric on M4 and
∇ its Levi-Civita` connection. Let J be any g -orthogonal almost-com-
plex structure, and let ω(x, y) = 〈Jx, y〉 be its fundamental 2-form.
Let x, z be any vector fields on M . Then:
dω(x, Jx, z) =
〈
[x, Jx], Jz
〉
−
〈
∇
x
x+∇
Jx
Jx, z
〉
The term [x, Jx] measures the integrability of the J -holomorphic
plane field R〈x, Jx〉 , while the normal component of the term ∇
x
x +
∇
Jx
Jx is the mean curvature of the plane field R〈x, Jx〉 , and thus
measures its g -minimality. (Lemma 4.7 will be proved at the end of
the paper, in Section 9.)
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4.4. Sullivan’s criterion. In what follows, we wish to at least suggest
the nature of Sullivan’s criterion for tautness. Rigor must suffer. In
a way, Sullivan’s criterion is a far-reaching generalization of the Reeb
Example 4.6 above.
A 2-chain σ in M is called a tangent homology in (M,F) if there is
a 3-chain ξ such that ∂ξ = σ and TF |ξ ⊂ Tξ . (In other words, σ is
a boundary that can be “filled-in” using a chain ξ that is tangent to
F .)
Lemma 4.8. If a sequence of tangent homologies converges to an (ori-
ented) union of compact leaves of F , then F is not taut.
Proof. Let L1, . . . , Lk be some compact leaves of F , and let σn = ∂ξn
be a sequence of tangent homologies that converges to L1 ∪ . . . ∪ Lk .
Assume that F is taut, and thus there is a 2-form µ with µ|Leaf > 0
and dµ|Leaf = 0. Then:
0 =
∫
ξn
dµ =
∫
∂ξn
µ =
∫
σn
µ
n
−→
∫
L1∪...∪Lk
µ > 0
which is impossible 
(The appropriate notion of convergence here is, of course, a convergence
“in measure”.)
Of course, in general, F might not have compact leaves at all.
Nonetheless, a set of non-compact leaves might come back on itself
in a regular enough fashion that it could be called a “foliation cycle”.
Somewhat more rigorously, a foliation cycle can be defined as a trans-
verse measure that is holonomy-invariant. Think of this measure as a
way of weighting the leaves of F . Then:
Theorem 4.9 (D. Sullivan 1979). A foliation F is taut if and only if no
non-trivial foliation cycle can be approximated by tangent homologies.
✷
This result was proved in [Sul79], based on the theory developed in
[Sul76]. A complete recent discussion can be found in [CC00, Ch. 10].
The rigorous development of these ideas involves currents.
A (rarely applicable) consequence of this criterion is:
Corollary 4.10. Let F be a foliation on M . If for every leaf L of F
there is a surface transverse to F that crosses L, then F is taut. In
fact, F can be calibrated.
Surfaces transverse to foliations are a rare occurrence, though (unlike
the codimension-1 case, where tautness is equivalent to the existence
of transverse circles).
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5. More differential geometry
Here are a couple of general results of a differential geometric nature,
from [Bri84] and [GN95]:
Proposition 5.1 (B. Fabiano 1984). Let F be a minimal codimension-
2 foliation on the Riemannian manifold Mm . If M has non-negative
Ricci curvature and F admits a complementary foliation F⊥ , then: F
is totally geodesic, or e(F⊥) 6= 0
Proposition 5.2 (F.J. Garc´ıa & A.M. Naveira 1995). Let F be a
minimal foliation on the Riemannian manifold Mm . If M has non-
positive Ricci curvature and F admits a complementary foliation F⊥ ,
then: F is totally geodesic, or the leaves of F⊥ have non-zero scalar
curvature.
As one can notice, these general results have pretty restrictive condi-
tions (mainly: the existence of a complementary foliation). In general,
it is worth noticing that foliations of codimension ≥ 2 are much harder
to study that those of codimension 1. This, in part, explains the suc-
cess of foliation theory for investigating 3-manifolds, and the lack of
much of a theory for 4-manifolds.
6. Minimal genus of embedded surfaces
Given any class a ∈ H2(M ;Z), there are always embedded surfaces
in M that represent it. An open problem is to determine how simple
such surfaces can be, or, in other words, what is the minimal genus that
a surface representing a can have. (Remember that χ(S) = 2−2g(S),
so minimum genus is maximum Euler characteristic.)
6.1. Adjunctions. Notice that, if S is a J -holomorphic surface for
some almost-complex structure J , then
χ(S) + S · S = c1(J) · S
(simply because c1(J)·S = c1(TM |S) = c1(TS)+c1(NS) = χ(S)+S ·S ).
This equality is known as the Adjunction formula for S .
In general, the main and most powerful tool for obtaining genus
bounds comes from Seiberg–Witten theory [KM94, OS00]:
Proposition 6.1 (Adjunction Inequality). Let S be any embedded sur-
face in M . Assume that either M is of Seiberg–Witten simple type and
S has no sphere components, or that S · S ≥ 0. Then, for any Sei-
berg–Witten basic class ε, we have:
χ(S) + S · S ≤ ε · S
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In particular, if J is an almost-complex structure admitting a symplec-
tic structure, then
χ(S) + S · S ≤ c1(J) · S
Notice that one can reverse the orientation of S and change only
the sign of ε ·S . Thus one often writes the adjunction inequality more
sharply as
χ(S) + S · S ≤ − |ε · S|
6.2. Enter foliation. Nonetheless, the bounds offered by Seiberg–
Witten basic classes are not always sharp. For example, in the case
of manifolds M = N3 × S1 , P. Kronheimer has proved in [Kro99] that
foliations give better bounds:
Theorem 6.2 (P. Kronheimer 1999). Consider M = N3 × S1 , with
N a closed irreducible 3-manifold. Let F be a taut foliation in N ,
with Euler class ε¯ = e(T
F
). Let ε be the image of ε¯ in H2(N × S1).
Then, for any embedded surface S in M , without sphere components,
we have
χ(S) + S · S ≤ ε · S
In general, ε is not a Seiberg–Witten basic class. (Nonetheless,
the proof of Theorem 6.2 does use Seiberg–Witten theory: the taut
foliation F is perturbed to a tight contact structure, which is then
symplectically filled in a suitable way, and a version of the Seiberg–
Witten invariants is used.)
A taut foliation F on N3 induces an obvious product foliation F =
F ×S1 on M = N ×S1 (with leaves Leaf×{pt}). Then F is also taut
(pick a product metric), ε = e(TF ) is the pull-back of ε¯ = e(TF), and
the almost-complex structure that F determines has c1(JF) = ε =
e(TF). One can then try to generalize Theorem 6.2 as
Conjecture 6.3 (P. Kronheimer 1999). Let F be a taut foliation on
M4 , and JF be an almost-complex structure induced by F . Then, for
any embedded surface S without sphere components, we have
χ(S) + S · S ≤ c1(JF) · S
A few extra requirements are needed, e.g. to exclude manifolds like
S×S2 . Kronheimer also proposes that the foliations be allowed singu-
larities.
Remark 6.4. The situation in Theorem 6.2 has another peculiarity:
F admits transverse foliations. Indeed, since F has codimension 1,
any nowhere-zero vector-field in N3 normal to F integrates to a 1-
dimensional foliation of N that is transverse to F . By multiplying
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its leaves by S1 , this 1-dimensional foliation induces a 2-dimensional
foliation in M that is transverse to F .
One could thus think of strengthening the hypothesis of Conjecture
6.3 by requiring F not only to be taut, but also to admit a transverse
foliation. One might push things even further and ask that the second
foliation be taut as well. But then one almost runs into:
Proposition 6.5 (Two taut makes one symplectic). Let F and G be
transverse foliations on M4 . If there is a metric g that makes both F
and G be minimal and orthogonal, then M must admit a symplectic
structure. Therefore, for any embedded surface S we have
χ(S) + S · S ≤ c1(JF) · S
(This is an immediate consequence of Lemma 4.7.)
Remark 6.6. No taut, no symplectic. At the other extreme, if M admits
a non-taut foliation F , then no almost-complex structure compatible
with F admits symplectic structures (or, more directly, M admits no
symplectic structures making the leaves of F symplectic submanifolds).
6.3. Contrast with dimension 3. Taut foliations on 3-manifolds
are well-understood, and are strongly related to minimal genus surfaces
[Thu86, Gab83]:
Proposition 6.7 (W. Thurston 1986). Let N3 be a closed irreducible
3-manifold, and F a taut foliation on N . For any embedded surface
S without sphere-components, we have
χ(S) ≤ e(TF ) · S
(Usually written more sharply as χ(S) ≤ − |e(TF ) · S|.)
Proposition 6.8 (D. Gabai 1983). Let N3 be a closed irreducible 3-
manifold. An embedded surface S has minimal genus if and only if it
is the leaf of a taut foliation of N . ✷
No similar statement is known for 4-manifolds. For a survey of
foliations on 3-manifolds, see for example [Gab01].
7. Foliations and Gromov compactness
First, an example that shows the flexibility of foliations:
Example 7.1. Creating a torus leaf. Let F be any foliation on a 4-
manifold M . Let c : S1 → M be any embedding. The curve c can
always be slightly perturbed to be transverse to F . Choose another
local coordinate near c, transverse both to F and to c, and think of
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Figure 4. Creating a torus leaf (3D movie)
it as time (with c appearing at time t = 0). Start at time t = −1. As
time goes on, begin pushing more and more the leaves of F parallel
with the direction of c, wrapping them around more and more as time
approaches t = 0 (see Figures 4 and 5). At t = 0, we can fit in a torus
leaf, with the interior of the torus foliated by leaves diffeomorphic to
R2—a Reeb component. As time goes on from t = 0, we play the movie
backward. Notice that the new foliation is homotopic with the one we
started with (compare with Corollary 8.8).
Combining with Theorem 8.2 below, this yields:
Corollary 7.2. Any almost-complex structure is homotopic to one for
which Gromov compactness fails.
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torus leaf
t = 0
Figure 5. Creating a torus leaf (2D movie)
Gromov compactness here means the compactness of the space of all
J -holomorphic curves (curve = real surface). In other words, any se-
quence of holomorphic curves fn : (Σ, jn)→ (M,J) has a subsequence
converging to a limit f : Σ∗ → M that is J -holomorphic (and may
have nodal singularities, see also Figure 6; the limit domain Σ∗ is ob-
tained by collapsing circles of Σ). Gromov compactness always holds
for symplectic structures, due to the following [Gro85]:
Theorem 7.3 (Gromov compactness). Let J be an almost-complex
structure on M , and g a compatible Riemannian metric. Let fn :
(Σ, jn)→ (M,J) be a sequence of holomorphic compact curves in M .
If the g -area of fn(Σ) is bounded, then fn has a subsequence that
converges to a holomorphic curve f : (Σ∗, j) → (M,J), which might
have nodal singularities.
And the area bound condition is satisfied if J admits a compatible
symplectic structure, and if all fn(Σ) represent a same homology class.
(This is actually how the theorem is most used.) For a thorough dis-
cussion, see for example [AL94].
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z1z2 = ε→ 0
Figure 6. Apparition of singularities in the limit
Proof of Corollary 7.2. By Theorem 8.2, an almost-complex structure
can be deformed till there is a singular foliation F with all leaves
holomorphic. As in Example 7.1 above, create a torus leaf. Actually,
by “freezing” the movie at t = 0 (expanding the frame at t = 0 to all
t ∈ [−ε, ε]), create a lot of tori. Now pick a second curve, orthogonal
to these tori, and apply that example again. What appears in the end
is a torus that explodes to make room for a new Reeb component.
Thinking in terms of an almost-complex structure J induced by the
final foliation, we have a sequence of J -holomorphic tori that has no
decent limit. 
Question 7.4 (R. Kirby 2002). Let F be a foliation on M , and J
an almost-complex structure making the leaves J -holomorphic. What
conditions imposed on F insure that Gromov compactness holds for J ?
In the extreme, if F is a Lefschetz pencil (see Example 8.1), then
Gromov compactness holds (the manifold is symplectic). Compare also
with Proposition 6.5.
The flexibility from our examples, at least, is done away with if we
require the foliations to be taut (since that excludes Reeb components).
8. Singular foliations
For a fuller treatment of the topic of this section, see [Sco03].
For a foliation F to exist on a manifold M , the tangent bundle must
split TM = TF ⊕NF . Since in general that does not happen, one must
allow for singularities of F . An important example is [Don99]:
Theorem 8.1 (S.K. Donaldson). Let J be an almost-complex struc-
ture on M that admits a compatible symplectic structure. Then J can
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CP 1
Figure 7. A Lefschetz pencil
be deformed to an almost-complex structure J ′ such that M admits a
Lefschetz pencil with J ′ -holomorphic fibers.
A Lefschetz pencil is a singular fibration M → CP1 (see Figures 7
and 8) with singularities modeled locally by
(z1, z2) 7−→ z1/z2 or (z1, z2) 7−→ z1z2
for suitable local complex coordinates (compatible with the orientation
of M ). Note that all fibers pass through all singularities of type z1/z2 .
The existence of a Lefschetz pencil is equivalent to the existence of a
symplectic structure. See [GS99, ch. 8] for a survey.
One can think of a Lefschetz pencil as a special case of a taut singular
foliation.
As mentioned before, a (non-singular) foliation F on M induces al-
most-complex structures, and we have c1(JF) = e(TF) + e(NF ) and
χ(M) = e(TF) · e(NF ) If the foliation F has singularities, then the
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“quadratic” singularity
Figure 8. Singularities in a Lefschetz pencil
second equality above fails, and the defect χ(M)− e(TF) · e(NF) mea-
sures the number of singularities (or, for more general singularities,
their complexity).
Call a class c ∈ H2(M ;Z) a complex class of the 4-manifold M if
c ≡ w2(M) (mod 2) and p1(M) = c
2 − 2χ(M)
An element c ∈ H2(M ;Z) is a complex class if and only if there is an
almost-complex structure J on M such that c1(TM , J) = c.
Theorem 8.2 (Existence theorem). Let c ∈ H2(M ;Z) be a complex
class, and let c = τ+ν be any splitting such that χ(M)−τν ≥ 0. Then
there is a singular foliation F with e(TF) = τ and e(NF) = ν , with
n = χ(M) − τν singularities that can be chosen to be modeled on the
levels of the complex functions (z1, z2) 7−→ z1/z2 or (z1, z2) 7−→ z1z2 .
Remark 8.3. Due to the singularities, the bundles TF and NF are only
defined on M \ {singularities} . Their Euler classes a priori belong to
H2(M \{singularities}; Z), but can be pulled-back to H2(M ;Z), since
the isolated singularities can be chosen to affect only the 4-skeleton of
M , and thus to not influence H2 .
Remark 8.4. Unlike a Lefschetz pencil, in general not all leaves of the
foliation pass through the z1/z2 -singularities. If they did, then the
foliation would be taut, which is rather rare.
Finding a splitting c = τ + ν with χ(M) − τν ≥ 0 is possible for
most 4-manifolds that admit almost-complex structures. For example,
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if
χ(M) ≥ 0
(e.g. for all simply-connected M ’s), then one can choose either one of
τ or ν to be 0, and conclude that such foliations exist. Or:
Lemma 8.5. If b+2 (M) > 0, then there are infinitely many splittings
c = τ + ν with χ(M) − τν ≥ 0 (and thus infinitely many homotopy
types of foliations). If b+2 (M) = 0, there are at most finitely many.
Proof. If b+2 (M) > 0, there is a class α with α · α > 0. Choose
τ = c−kα and ν = kα (k ∈ Z). Then χ(M)−τν = χ(M)−kcα+k2α2 ,
and for k big enough it will be positive. 
The main restriction to the existence of such foliations remains, of
course, the existence of a complex class. But Theorem 8.2 can be gen-
eralized for the case when c is merely an integral lift of w2(M) (corre-
sponding to weakening almost-complex structures to spinC -structures).
In that case, singularities are also modeled using local complex coor-
dinates, but are allowed to be compatible either with the orientation
of M or with the opposite orientation. This is similar to the gener-
alization of Lefschetz pencils to achiral Lefschetz pencils, see [GS99,
§8.4].
The singularities of F are exactly the singularities that appear in a
Lefschetz pencil. They can be chosen in either combination of types as
long as their number is n = χ(M)− τν . For example, there are always
foliations with only z1/z2 -singularities, that can thus be eliminated by
blowing-up. In fact, other choices of singularities are possible.
Namely, for any isolated singularity p of a foliation that is compat-
ible with an almost-complex structure one can define its Hopf degree
deg p ≥ 0 (essentially a Hopf invariant of the tangent plane field above
a small 3-sphere around p), and then one can choose any suitable set
of singularities {pi} as long as∑
deg pi = χ(M)− τν
Let F be a foliation. If S is a closed transversal of F , then we must
have
e(TF) · S = e(TF |S) = e(NS) = S · S
e(NF) · S = e(NF |S) = e(TS) = χ(S)
These conditions are, in fact, sufficient:
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Theorem 8.6 (Closed transversal). Let S be a closed connected sur-
face. Let c be a complex class with a splitting c = τ + ν such that
χ(M)− τν ≥ 0. If
χ(S) = ν · S S · S = τ · S
then there is a singular foliation F with e(TF) = τ , e(NF ) = ν , and
having S as a closed transversal.
If, on the other hand, S is a closed leaf of F , then we have
e(TF) · S = e(TF |S) = e(TS) = χ(S)
e(NF) · S = e(NF |S) = e(NS) = S · S
Conversely:
Theorem 8.7 (Closed leaf). Let S be a closed connected surface with
S ·S ≥ 0. Let c be a complex class with a splitting c = τ + ν such that
χ(M)− τν ≥ S · S . If
χ(S) = τ · S S · S = ν · S
then there is a singular foliation F with e(TF) = τ , e(NF ) = ν , and
having S as a closed leaf. (The number of singularities along S is
S · S .)
An immediate consequence is:
Corollary 8.8 (Trivial tori). A homologically-trivial torus can always
be made a leaf or a transversal of a foliation.
Such flexibility is a strong suggestion that more rigidity is needed
in order to actually catch any of the topology of M with the aid of
foliations. Requiring foliations to be taut seems, once again, a natural
suggestion.
9. Appendix
9.1. Minimality and 2-forms.
Proof of Lemma 4.7. We prove that, if g is a Riemannian metric, ∇ its
Levi-Civita` connection, J be any g -orthogonal almost-complex struc-
ture, and ω(x, y) = 〈Jx, y〉 its fundamental 2-form, then, for any
vector fields x, z on M , we have:
(dω)(x, Jx, z) =
〈
[x, Jx], Jz
〉
−
〈
∇
x
x+∇
Jx
Jx, z
〉
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For any 2-form α we have:
(dα)(x, y, z) =
(
∇
x
α
)
(y, z) +
(
∇
y
α
)
(z, x) +
(
∇
z
α
)
(x, y)
= xα(y, z) + yα(z, x) + zα(x, y)
− α
(
∇
x
y, z
)
− α
(
∇
y
z, x
)
− α
(
∇
z
x, y
)
− α
(
y, ∇
x
z
)
− α
(
z, ∇
y
x
)
− α
(
x, ∇
z
y
)
Applying this to ω(a, b) = 〈Ja, b〉 , we have:
(dω)(x, Jx, z) = −x
〈
x, z
〉
+ (Jx)
〈
Jz, x
〉
+ z
〈
Jx, Jx
〉
−
〈
J∇
x
Jx, z
〉
−
〈
J∇
Jx
z, x
〉
−
〈
J∇
z
x, Jx
〉
+
〈
x, ∇
x
z
〉
−
〈
Jz, ∇
Jx
x
〉
−
〈
Jx, ∇
z
Jx
〉
Using that 〈a, Jb〉 = −〈Ja, b〉 we get:
(dω)(x, Jx, z) = −x
〈
x, z
〉
+ (Jx)
〈
Jz, x
〉
+ z
〈
x, x
〉
+
〈
∇
x
Jx, Jz
〉
+
〈
∇
Jx
z, Jx
〉
−
〈
∇
z
x, x
〉
+
〈
x, ∇
x
z
〉
−
〈
Jz, ∇
Jx
x
〉
−
〈
Jx, ∇
z
Jx
〉
Since
〈
∇
z
x, x
〉
= 1
2
z
〈
x, x
〉
and
〈
Jx, ∇
z
Jx
〉
= 1
2
z
〈
Jx, Jx
〉
= 1
2
z
〈
x, x
〉
,
we cancel the last terms of each line, and get:
(dω)(x, Jx, z) = −x
〈
x, z
〉
+ (Jx)
〈
Jz, x
〉
+
〈
∇
x
Jx, Jz
〉
+
〈
∇
Jx
z, Jx
〉
+
〈
x, ∇
x
z
〉
−
〈
Jz, ∇
Jx
x
〉
But x
〈
x, z
〉
=
〈
∇
x
x, z
〉
+
〈
x, ∇
x
z
〉
, so (Jx)
〈
Jz, x
〉
= −(Jx)
〈
z, Jx
〉
=
−
〈
∇
Jx
z, Jx
〉
−
〈
z, ∇
Jx
Jx
〉
, and therefore:
(dω)(x, Jx, z) = −
〈
∇
x
x, z
〉
−
〈
x, ∇
x
z
〉
−
〈
∇
Jx
z, Jx
〉
−
〈
z, ∇
Jx
Jx
〉
+
〈
∇
x
Jx, Jz
〉
+
〈
∇
Jx
z, Jx
〉
+
〈
x, ∇
x
z
〉
−
〈
Jz, ∇
Jx
x
〉
(dω)(x, Jx, z) = −
〈
∇
x
x, z
〉
−
〈
z, ∇
Jx
Jx
〉
+
〈
∇
x
Jx, Jz
〉
−
〈
Jz, ∇
Jx
x
〉
Since ∇ is torsion-free, we have ∇
x
Jx−∇
Jx
x = [x, Jx], so:
(dω)(x, Jx, z) =
〈
[x, Jx], Jz
〉
−
〈
∇
x
x+∇
Jx
Jx, z
〉
which concludes the proof. 
In particular, if ω is symplectic (i.e. dω = 0), then any integrable J -
holomorphic plane field is g -minimal, and, vice-versa, any g -minimal
J -holomorphic plane field must be integrable. The converse is also true:
If there are enough J -holomorphic integrable minimal plane fields, then
ω must be symplectic. Thus:
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Corollary 9.1. Assume that M admits two transversal 2-dimensional
foliations F and G such that: there is a metric g such that both F and
G are g -minimal; and there is an g -orthogonal almost-complex struc-
ture J that makes both F and G be J -holomorphic. Then M admits
the symplectic structure ω(x, y) = g(Jx, y).
In particular, if the first condition is satisfied, and further F and G
are g -orthogonal, then the second condition is automatically satisfied,
and Proposition 6.5 follows:
If a Riemannian manifold M admits two g -orthogonal and g -
minimal foliations, then M admits a symplectic structure.
9.2. Foliated surgery. We add here a few comments on some surgical
techniques that can be used to combine foliations.
9.2. Transverse surfaces to foliations can be used to glue foliated man-
ifolds using a normal connected sum: Let (M,F) and (N,G) be foli-
ated manifolds. Assume that there is an embedded surface S1 in M
transverse to F , and an embedded surface S2 in M transverse to G .
Assume further that S1 ≈ S2 and S1 ·S1 = −S2 ·S2 . Then the foliated
manifolds (M,F) and (N,G) admit a foliated normal connected sum
along S1 ≈ S2
9.3. For regular connected sums, one can use pencil singularities of
opposite orientations. Namely, when doing the connected sum, pick
small 3-spheres around two pencil singularities of opposite types. The
result of the connected sum is a foliated manifold with one less positive
pencil singularity and one less negative pencil singularity.
9.4. Another surgery is the logarithmic transformation performed along
a torus T that is transverse to a foliation and has T ·T = 0. One takes
a neighborhood T × D2 of the torus T , cuts it out and glues it back
in using an automorphism of the boundary ∂(T ×D2) = S1 × S1 × S1
(see Figure 9, where a logarithmic transformation of multiplicity 2 is
suggested, with the unrepresented S1 -factor belonging to T ). If T is
transverse to the foliation F , then one way of continuing the foliation
across the glued-in T × D2 is suggested in Figure 10, but it needs a
(circle of) Reeb components and thus ruins tautness.
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Figure 10. Filling-in a logarithmic transformation
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